3.7 — Factor Theorem

A division results in a remainder of zero only when the divisor is a factor of the dividend.

Ex.

57+8=8)(7)+1 but 56 +8=(8)(7)+0

Using this fact combined with the remainder theorem, one can determine if a given divisor d(x)
will be a factor for the given function f(x). The factor theorem highlights this observation by

stating;

Example 1:

Example 2:

Example 3:

3.7 — factor theorem

‘l (x - p) is a factor of f(x) if and only if f(p) =0 |\

Is (x — 2) a factor of (x® - 3x? + 6x — 5)?

Let f(x) = x* - 3x* +6x - 5 then test f(2) =(2)* - 3(2)* +6(2) - 5
=8-12+12-5
=3

Since f(2) =0 therefore X — 2 is not a factor

Determine any factor(s) of x* + 3x? - 16x + 12

Test (1) = (1) +3(1)° - 16(1) + 12
=0 . X—11is a factor

Test  f(-1) = (-1)° + 3(-1)* - 16(-1) + 12
=26 ..X + 1is not a factor

Test  f(2) =(2)° + 3(2)* - 16(2) + 12
=0 ..X - 2 is a factor

Caring on in this way is impractical. It is enough to find one factor this way. The
other factors can be found using synthetic division.

Factor x> + 2x° - 5x - 6

Test  f(-1) =(-1)% + 2(-1)*- 5(-1) - 6

=0 ~. X+ 1isa factor
Now use synthetic division: 1N 2 5 -6
-1 -1 +6
1 1 -6 0
So we know: (3 + 2x* - 5x — 6) = (x + 1)(X* + X — 6)

=(x+1)(x+3)(x-2)



3.7 — Factor Theorem Practice Questions

1. Which of the following polynomials have x — 2 as a factor?
a)x*-3x+5 b) x3 - 3x* - 4x +12 ¢) x* + x? - 16x +20
d) -x*+3x -2 e)x*-8x*+24x%-32x+16 ) 4x®+32

2. Determine which binomials listed below are factors for x* — 4x* + x + 6

a)x—-2 b) x +2 c)x- 3

3. Factor fully

a)x®-7x-6 b) x* +5x° + 2x - 8 c)x3- 9 +17x-6
d) 2x3 —x? - 13x - 6 e) x®-4x+3 f) X3 +2x° - x - 2
g) x* - 8x% + 3x? + 40x - 12 h) x* - 6x3 - 15x° - 6x - 16

4. Find the value of k if x + 4 is a factor of 3x® + 11x° - 6x + k

5. If (x — 1) is a factor of x* -2kx® +3x + 1, what is the value of k?

3

6. We know that (x - y) is a factor of x> —y*  because f(y) = (y)*-y*=0.
The other factor, (x* + xy + y?), can be determined through long division.

Perform the same divisions on the following to come up with a pattern to help you factor the
questions that follow the chart.

Expression 1* factor 2" factor
X2 —y? X—-y X+y
x> —y? X-y X2+ Xy +y?
x'—y* X-y
5 5

X° -y X—y

| X' —y" X-y

a) x*-81 b) x° - 32 c) 8x* - 125 d) 64x° -1

Answers 1. b, c,e 2.a,¢ 3.a) (x+1)(x+2)(x-3) b) (x-1)(x+4)(x+2) ¢) (x-2)(x*-7x+3) d) (2x+1)(x+2)(x-3)
e) (x-1)(%+1x-3) f) (x+1)(x+2)(x-1) g) (x-3)(x+2)(x*-7x+2) h) (x+2)(x-8)(x*+1) 4.k =-8 5.k=2.5
6. pattern is X"-y"=(x-y)(X"1+x"2y+.. . +xy™ Ay @) (x-3)(C+3x%+9x+27) b) (X-2)(x*+2x3+4x2+8x+16)
c) (2x-5)(4x*-10x+25) d) (2x-1)(32x°+16x*+8x3+4x>+2x+1)
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